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In most control applications in the chemicol process industries it is not realistic to attempt 
to define o unique mathematical statement of the control objective, for many criteria will 
satisfy the physical requirement of the rapid elimination of errors in the product stream as 
the result of an upset. The strong dependence of the structure of an optimol control system 
an the choice of objective then makes optimal control theory irrelevant in such situations, since 
the control engineer has no assuronce that a complicated controller is a necessity of the 
process, rather than a consequence of an unfortunate choice of objective. In this paper an in- 
verse problem is considered, in which an easily implementable feedback control system i s  
first chosen and then i s  shown to be optimol for a physically meaningful objective in a large 
class of systems. 

The eatest number of control applications which arise 

cost function can be formulated to define the control ob- 
jective, although the qualitative requirements of an effec- 
tive controller are clear. In the simplest cases the require- 
ment is that fluctuations in certain elements of the product 
stream be kept small following an upset, and a large num- 
ber of mathematical statements will satisfy this 
requirement. It might be stated, for example, t iat the 
s stem should be returned to steady state operating con- 
&ions in the minimum time, or perhaps that an integral 
of the squares or absolute values of the deviations from 
steady state be made as small as possible over the operat- 
ing period. If a model of the plant is available in the form 
of difference or differential equations, then the attainment 
of any of these objectives may be formulated as a problem 
in optimal control, with the solution obtained with such 
techniques as dynamic programming ( 1 )  or the Pontry- 
agin minimum principle (4 ,  17) .  

The serious drawback in the use of the modem mathe- 
matics of control theory from the point of view of the proc- 
ess industries, however, stems from the fact that the struc- 
ture, as well as the detailed design of the optimal control 
system, depends critically on the particular form of the ob- 
jective which has been chosen. In a linear plant, for ex- 
ample, the control which minimizes the time of return 
to steady state is of relay, or bang-bang type, while the 
control which minimizes the integral of the squared de- 
viations in state and control is proportional to the devia- 

in the c f emical process industries are such that no precise 

Thysical 

programmed, rather than feedback, control. I t  would seem, 
then, that the usual optimal control problem is largely ir- 
relevant in such situations, for the engineer has no assw- 
ance that the resulting optimal solution obtained from a 
somewhat arbitrary choice of objective is not significantly 
more complicated and expensive than the result which 
might be obtained from a physically equivalent, but less 
obvious choice of objective. 

Under certain circumstances this difficulty can be over- 

came by consideration of the inuerse problem of optimal 
control. Here a feedback control system is first specified, 
and then it is determined under what conditions this con- 
trol is the solution of an optimal control problem. Several 
authors (7, 14, 18) have considered aspects of this prob- 
lem, but the significance of the results for the process 
engineer is limited in each case because of the fact that 
the form of the objective has been specified, with only 
parameters investigated. In this paper a different point of 
view is adopted, and only the form of the plant and the 
feedback control s stem are specified, the latter being an 

of the steady state, with optional modifications to elim- 
inate chatter near the steady state. It is then shown that, 
subject to certain stability conditions on the uncontrolled 
plant, the simple relay controller does optimize a physically 
meaningful control objective. Another paper (13) will 
consider the optimality of the frequently used three-mode 
control. 

easily implementa i le relay controller outside some region 

THE RELAY CONTROLLER 

For the first part of the discussion only, it will be as- 
sumed that the plant is linear and stationary, so that 
deviations from the steady state design conditions may be 
represented by the N ordinary differential equations: 

N M 

5=i k ='1 

Here xl, x2, . . ., XN are the deviations in the N variables 
required to define the state of the system and u1, 112, . . ., 
u.v are the adjustments in the M control variables. The 
control action is assumed to be bounded, and it will be 
further assumed that the bounds are symmetric in the 
positive and negative directions. In that case the elements 
of the matrix B may be defined so that the control is nor- 
malized, and there is no loss of generality in assuming 
that 

In all that follows the assumption of symmetric bounds 
leads to simplification in certain expressions but the over- 
all conclusions in no way depend upon this simplification. 

( U k l L 1 ,  k = l , 2  , . . . ,  M (2) 
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The usual optimal control problem calls for choosing 
the control vector u ( t )  [made up of components u l ( t ) ,  
u z ( t ) ,  . . ., uM(t ) ]  in order to minimize some overall 
measure of system performance in the form 

& = F ( s  u, t )  dt (3)  

where 0 is the total control interval and x is the vector 
with components XI ( t )  , xe ( t )  , . . . , XN ( t )  . In most process 
applications the “cost” of control action is negligible, and 
fluctuations are as costly at one time as at any other. 
Thus in a physically meaningful formulation the function 
F will generally be independent of u and t ,  and 

e 
& =  1 F(x)d t  (4) 

In order to force the s stem to return to steady state, it is 
necessary that F ( x )  r5k positive definite in any depen- 
dence on x; that is 

F ( x )  > P ( 0 )  1 0 ,  x # 0 ( 5 )  
It may be that F ( o )  > 0, in which case a premium on 
total control time is included in the objective. 

Several authors (2, 3, 6, 8, 10, 15, 16), and most re- 
cent1 Paradis and Perlmutter (15, 16), have reco nized 
the &iculty in solving and implementing feedbacf con- 
trol systems which optimize the overall objective of Equa- 
tion (4)  and they have focused attention on instantane- 
ously optimal policies. For example, the positive definite 
quadratic form 

1 ”  
E = - X  xi Qij xj 

i J = l  

is a measure of the instantaneous deviation from steady 
state. An instantaneously optimal policy would then be 
one which drives E to zero as fast as possible; that is, 
one which minimizes 

l j = 1  k = l  

at every instant of time. (Note that there is no loss of 
generality in taking Qi, = Qjt.) This policy cannot take 
into account the effect on the future of present action. 
The control action which minimizes Equation (7), since u 
appears linearly, is clearly 

where the s g n  (signum) function is defined by 

$1, y > o  
(9) i - 1, y < o  

sgn (y )  = 

This is a relay feedback controller with a linear switching 
law, requiring only a minimum of on-line equipment for 
im lementation. The behavior of such control systems is 

on both simulated and real processes (2, 3, 15, 16). 
Because of the effectiveness and ease of implementation 

of the controller defined by Equation ( 8 ) ,  it is of interest 
to ask the following inverse problem in optimal control: 

Do conditions exist under which u relay controller with 
a linear switching surface corresponds to a physically 
meaningful optimum for a linear stationary plunt? If such 
conditions can be found then, when a precise mathemati- 
cal cost function cannot be defined, the simple controller 
designed by Equation (8) will be known with full con- 

we P 1 known ( 5 ) ,  and effective control has been reported 

fidence to be satisfactory in an overall, as well as an in- 
stantaneous, sense, and the more complicated control laws 
usually obtained from optimal control theory will be un- 
necessary. I t  should be noted here that relay controls gen- 
erally give unsatisfactory performance near the steady 
state, and an important part of the inverse question is 
when, if at all, should the relay control be abandoned for 
some other policy. 

THE MINIMUM PRINCIPLE 

The primary mathematical tool which will be required 
for the solution of the inverse problem is the minimum 
principle (4,  1 7 ) ,  which, for present purposes, is loosely 
as follows: 

The state of the system is described by the N ordinary 
differential equations 

(10) 
and it is desired to choose the control vector function 
u ( t )  to move the system to a given surface in x space, 

S(x )  = 0 (11) 

i t  = gi (x, u), i = 1,2, . . . , N 

while minimizing an overall objective 

& = f F(x ,u )d t  (12) 

The variational Hamiltonian is defined as 

N 

= F ( X ,  U) + 2 xi gi(x, U >  (13) 

where the Lagrange multipliers hi satisfy the equations 
i=l 

with boundary conditions 

as 
(15) xi(0) = A-, i = 1,2, . . ., N 

arc 

with a constant. [That is, A(0) is orthogonal to the SUT- 
face S = 0.1 It is necessary that the control function u( t )  
which minimizes the objectiue Equation (12) minimize 
the Hamiltonian at every instant in time. Furthermore, 
the Hamiltonian is a comtant a h  the optimal path, with 
the ualue zero if the total contro f interval is uwpecijied. 

- 

THE OVERALL OBJECTIVE 

The Hamiltonian for the linear stationary plant de- 
scribed by Equation (1)  with the objective described by 
Equation (4)  is 

Since u enters the Hamiltonian linearly the control which 
minimizes H has the form 

r N  1 
k = 1,2, . . ., M 

Comparison with Equation (8) indicates that the relay 
control with linear switching can be optimal only if the 

functions xi Qij B j k  and ZAjBjk always have the 
N N 

s j=l i j = I  
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same algebraic sign; that is . v  N 

N N 

2 
j=1 iJ=l  

B j k  = a k ( t )  C Xi Qij Bjkp a k ( t )  > 0, 

k = l , 2 ,  ..., M (18) 
or, equivalently 

N 

with 
N 2 mj( t )  B j k  = 0, k = 1,2, . . . , M (20) 

j=l 

Since a k (  t )  must clearly be the same for all k in Equa- 
tion (19), the subscript may be dropped, and the condi- 
tion that the controllers be the same is 

Aj(t) = a ( t )  2 % ( t )  Q t j  + mj(t), j = 1,2, . . ., N 
N 

(21) 

The multipliers A i (  t) must satisfy Equation ( 14), which 
i =  1 

becomes 

and substituting Equation (21) 

But differentiating Equation (21) and using Equation (8), 
we get 

N N 

f N  -l 

J 
+ ~ ( t ) ,  i = l , 2  , . . . ,  N 

Since the right-hand sides of Equations (23) and (24) 
must represent the same quantity, they may be equated, 
which leads to a set of partial differential equations for 
the integrand F (x) : 

N 

- z m j ( t )  A j i -  rhi(t), i = 1,2, . . ., N (25) 

In order for F to be free of explicit dependence on time, 
it is necessar that a ( t )  and W ( t )  be constants, so that 
the u ( t )  an cr * ( t )  terms vanish. [The alternative, that 

$ m j A s + n & = O  

is ruled out in general by Equation (20)]. Since a multi- 
plicative constant is immaterial a ( t )  may then be set 
without loss of generality to unity, and Equation (25) 
may be integrated to give 

j=1 

j=1  

+ constant (26) 

Equation (5) ,  the requirement that 2: take on its mini- 
mum at x = 0, can be satisfied only if 

i = 1  

which, together with Equation ( lS ) ,  implies in general 
that 

(28) q = o ,  l = l , 2  , . . . ,  N 
Since the s u m  of absolute values in Equation (26) is only 
positive semidefinite (that is, it ma be zero for nonzero 
x), F will be positive definite if anJonly if the quadratic 
form 

N C Xi (Qkj Aji 4- Q i j  A j k )  Zk 
id,k = 1 

is negative definite. Finally, if the total control interval 0 
is unspecified, then the requirement that the Hamiltonian 
vanish implies, after substitution of Equations ( 17), (21),  
(26) ,  and (27) into Equation (16),  that the constant in 
Equation (26) is zero. If 0 is specified then the value of 
the constant is irrelevant to the optimization and may be 
disregarded. Thus the minimum principle gives as a can- 
didate for the integrand of an overall objective for which 
Equation (8 )  is the optimal control the function 

1 N  
P(x) =-- 21 Xi (Qi j  A j k  + Qki AjO Xk 

I,I,k=l 

where the matrix 3 (Qij A j k  + Q k j  A , i )  is negative 

definite; that is, all quadratic forms obtained from the 
matrix are negative definite. 

k = l  

STABILITY CONSIDERATIONS 

In order to interpret the result obtained above, it is 
necessary to recall some elementary results from the theory 
of Liapunov stability of ordinary differential equations 
(8 ,  I I )  of the form 

21 = Gi(x), i = 1,2, . . ., N (30) 
with an equilibrium point at the origin; that is, the steady 
state satisfies the equations 

G , ( O ) = O ,  i = l , 2  ,..., N (31) 

Consider any function V(x) which is positive definite in a 
region of the origin (V(x) > 0, x + 0; V(0) = 0) and 
which is continuous, together with its first partial deriva- 
tives. 

1. If V(x) o in a region of the origin (V negative 
semidefinite), then V(x) is called a Liapunov func- 
tion and the origin is stable. 

2. If V ( x )  is negative definite then the origin is asymp- 
totically stable, which means that as t + Q) all tra- 
jectories a proach x = 0. 

The uncontro P led plant described by Equation (1) is 
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N + = Z A i j  xj, i = 1, 2, . , ., N (32) 
j = 1  

and for this system 

1 N  

which must be negative definite in order for F ( x )  to de- 
fine a hysically meaningful objective. Thus it is necessary 
that J e  positive definite quadratic form E defined by 
Equation ( 6 )  be a Liapunov function for the uncontrolled 
system, and that the uncontrolled system be asymptotically 
stable, in order for the relay controller with linear switch- 
ing to be optimal in an overall sense. Under these condi- 
tions the function E defined by Equations (7)  and (8) is 
always negative definite, and hence E is a Liapunov func- 
tion for the controlled system as well, and the controlled 
plant is assured to be stable. 
This result relates the present work to earlier studies 

of controller design by rapid reduction of a Liapunov func- 
tion (3, 8, 10, 1 9 ) ,  and establishes the optimality of such 
a procedure for at least the limited case of a quadratic 
Liapunov function. It is interesting to note that Kalman 
(7) obtained a similar relation between system stability 
and optimality for proportional control and quadratic ob- 
jective. 

OWlMALlTY AND UNIQUENESS 

The control function defined by Equation (8) has now 
been used to derive a criterion of optimization for the 
linear plant: 

if and only if the uncontrolled plant is asymptotically 
stable, where 

N 
Cij = - Z (Qik Akj 4- Qjk &) ; i, i = 1,2, . . . , N 

k=l 
(35) 

system is sufficient to ensure the existence of a 
is ositive definite. The asymptotic stability of the uncon- 

sitive definite matrix Qij, as required for the E function, 
an arbitrary positive definite Cij ( l l ) ,  although the 

converse is not true. The control system is easily imple- 
mentable and the criterion is exceedingly reasonable in 
terms of the physical objective of reducing and keeping 
small the deviations from steady state. Indeed, uadratic 

tion of an unimportant positive semidefinite term simply 
shapes the trajectories somewhat differently, while allow- 
ing a simplification of the control policy. It remains to be 
shown, however, that the control policy which was used 
to obtain the objective Equation (34) is in fact the control 
which minimizes that objective. This problem arises be- 
cause the minimum principle is not a sufficient condition 
for optimality and there may be multiple solutions. 
The control law expressed by Equations (8) and (17) 

is based on the assumption that the linear switching furic- 
tion can never vanish for a finite-time interval, for in such 

troled P 

forms are often used for the function F ( x ) ,  and 7l t e addi- 

a case the signum function is undefined and the optimum 
may be given by an intermediate “singular” control policy. 
I t  is first necessary to show, then, that for the minimization 
of the objective Equation (34), the function 

N 2 Xi  Qij Bjk 
ij=l 

cannot vanish for any finite interval under optimal con- 
trol. It is particularly important to consider this ossibility 
for the common case of a single control variable, P or should 
the switching function vanish the objective would then 
have only a quadratic form in the integrand, and the 
theory for that case is well known (20). 

It is convenient to demonstrate that singular solutions 
cannot occur by means of the example of a second-order 
system with a single control variable. Without loss of 
generality such a system may be expressed as 

X l  = x2 (36a) 

(36b) 

(37) 

i 2  = Azi XI + -422 xz + bu 
so that the switching surface defined by Equation (8) is 

Q 1 2  xi + Q 2 2  x 2  = 0 
If this is differentiated with respect to time and Equation 
(29) substituted, the resulting control is found to be 

(38) 
Q1z2 

Q22’ 
u = - q  ( A 2 1  - -) - A22 xz 

On the other hand, the vanishing of Equation (37) means 
that the objective now has an integrand M(C11 x12 + 
2 C 1 2  XI xz + C 2 2  xz2), and the condition for singular con- 
trol with this objective is (20) 

and 
dcl x 1 +  6 x 2  = 0 (40) 

Thus, singular control is possible and, in fact, optimal, if 
and onlv if 

Together with Equation (35) this yields only discrete val- 
ues for the ratio C11/C22; and since the C matrix is at the 
disposal of the designer onl infinitesimal changes are 

Indeed, if Q is taken to be diagonal then C will not be 
definite when Equation (41) is satisfied. 

The generalization to higher dimensions is straightfor- 
ward and yields the saxhe result. The generalization to 
more than one control variable is not so easy, but it is 
reasonable to presume that the result established rigor- 
ously for a single control variable will also hold in the 
more complicated case, since the conditions for singularity 
will be even more stringent. 

The assumptions concerning the plant and objective 
equations are sufficient to ensure the existence of a solu- 
tion to the optimal Lmtrol problem (12),  and that solu- 
tion must satisfy the minimum principle. Thus, if a unique 
solution to the minimum principle uations can be estab- 

boundary conditions for the multipliers are used. 

upon some manifold 

needed to avoid the possibi l ‘ty of intermediate control. 

lished, that solution must be optima. 7 It is here that the 

It will be assumed that the control effort is to terminate 

N 2 xi(e) eij xj(B) - constant = o (42) 
iJ=1 
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where the final time 8 is unspecified. Within this ellipsoidal 
surface the control is to be of some form other than relay 
in order to avoid chattering. The boundary condition 
Equation (15) is then 

N 

A i ( 8 )  = A f Qij xj(O), i = 1,2, . . ., N (43) 

where A is some constant, and substitution into the Hamil- 
tonian, Equation (13),  immediately establishes that A = 1 
for H = 0. Hence, for any x ( @ )  a complete set of candi- 
tions is available for the coupled Equations ( l ) ,  (17),  
and (22).  Since the switching function can never vanish 
for a finite interval, the contrcil is always given by Equa- 
tions (17) ,  so that the solution to these equations is 
unique. Thus the solution obtained by the rise of Equation 
(19) must be the optimal solution and the relay controller 
defined by Equation (8)  the optimum for Equation (34) 
while bringing the system to any terminal manifold of the 
form Equation (42) .  

,21 

NONLINEAR PROCESSES 

A large number of rocesses, including chemical reac- 
tion systems, may be Bescribed by equations of the form 

i = 1, 2, . . ., N (44) 

The simple relay control obtained by instantaneous mini- 
mization of the quadratic form Equation ( 6 )  is still de- 
scribed by Equation (8) : 

(45) 

no longer l l ana r .  

uk = - sgn 

although the switching functions are 
This control has been used successfully by Para is and 
Perlmutter (1.5, 16) on several nonlinear reactor problems, 
including a distributed system. 

The Hamiltonian for minimization of an overall objec- 
tive is 

M 

i, = f i ( X )  -k 2 & ( X )  U k ,  
k = l  

Z X ~  Q i j  B , k ( x ) ,  k = 1, 2, . . ., 51 
i , j  = 1 I 

ii N '\I 

where 

i = 1,2,  . . ., N (47) 
and the minimum is obtained fiom 

N 
By identifying Xi with Q i ,  xj and repeating the pro- 

cedure used for the linear plant, it follows that F is de- 
scribed by the partial differential equations 

1=1 

f N  1 C x p  QPq B,, J , i = 1,2, . . ., N (49) 
P.q=l  

The solution, to within a constant, is 

This result defines a physically meaningful objective 
only if 

h' 2 xi Qij  f j  (x)  < 0, x + 0 

trol P er is stable. Thus, with the exception of the ciirva- 

(51) 
i J = l  

or the quadratic form E: in Equation (6) is a Liapunov 
function for the uncontrolled system. In that case it is a 
Lia unov function for the controlled plant and the con- 

ture of the switching function, the essential result for 
the linear plant is valid for the nonlinear plant as well. 
For the nonlinear system the requirement that E be a 
Liapunov function is more restrictive than simply re- 
quiring asymptotic stability of the uncontrolled system, 
however. The existence of a quadratic form as a Li- 
apunov function is ensured only in the region in which 
linearization is valid, and large regions of asymptotic 
stability rnay exist in which no quadratic Liapunov func- 
tion can be found. 

CONCLUDING REMARKS 

The primary result of this work is to establish that for 
most process control problems where the plant is inher- 
ently stable and may be approximated as linear and sta- 
tionary, it is unnecessary to solve an optimal control 
problem in the usual sense, because controller design 
based on instantaneous minimization of a quadratic 
Liapunov function w.ill give results which are optimal 
in a physically meaningful overall sense. For this to be 
true, however, the design should be based, not on the 
quadratic form E defined by Equation ( G ) ,  as in the 
work of Paradis and Perlmutter (15, 16) ,  but on the 
quadratic defined by the C matrix of Equation (35).  
The question of the value of E at which to change from 
relay to intermediate-sa , proportional-control is gov- 

is clear, however, that optimality requires that the change 
be based only on position in the state space (that is, a 
feedback criterion), rather than an arbitrary open-loop 
criterion such as the number of switches, as suggested 
previously ( 1 5 ) .  

For use in nonlinear systems the requirement of a 
quadratic Liapunov function means that in a region 
bounded away from the origin the control may be stable, 
but not optimal in an overall sense, and an alternative 
proof of stability is required. Such control will still be 
highly satisfactory and, indeed, optimal over most of the 
control period. Most of the examples of Paradis and 
Perlmutter (15, 16) fall into this category, for in most 
cases the E function can be seen to increase during the 
early periods of operation and thus it cannot be a Liap- 
unov function. In some of these situations the control 
policy is unchanged by changes in Q which do make 
E a Liapunov function. 

Finally, it is useful to note that the interest in inverse 
problems far transcends the immediate area of control 
theory. The ultimate inverse problem is that of using the 
observed behavior of physical systems to deduce the un- 
derlying variational principles and constitutive relations 
which govern the system response. The control problem 
considered here is simply an early contribution to under- 
stand the techniques which will be needed for the more 
far-reaching problems. 

erned by practical consi (r erations in avoiding chatter. I t  
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Linear, Steady, 

of ViscoeI astic 

Two- Dimensional Flows 

Liquids 
GIUSEPPE MARRUCCI and GlANNl ASTARITA 

lstituto di Chimica Indurtriale, University of Naples, Naples, I ta ly 

The general form of the equations describing a steady, two-dimensional flow of an in- 
compressible liquid is reduced to a form containing only two parameters. The histories of stress 
and of deformation of a material element are written explicitly. A second-order, slow-flow 
approximation and a Maxwell type of constitutive equation are used to infer properties of the 
rheological behavior of viscoelartic liquids in such flows. 

Engineering analysis of viscoelastic fluid mechanics re- 
quires the understanding of as large a variety of flow 
patterns as possible, so that flows of actual interest can be 
approximated satisfactorily with idealized flows which are 
rigorously tractable yet reasonably similar to the real ones. 
Furthermore, the rheological characterization of real fluids 
would be more reliable and complete if experiments could 
be made under conditions which are not restricted to only 
the classical viscometric flow patterns. 

A substantial fraction of the literature concerning visco- 
elastic fluid mechanics is devoted to the analysis of vis- 
cometric flows (see, for example, reference 6). A few dif- 
ferent flow atterns have been considered in the literature: 
elongationa Ip flow ( 4 ) ,  pure shear (]I), and fourth-order 

complex flow pattern which results r rom a superposition 

flow (2). 
If attention is limited to steady, two-dimensional flow 

patterns, only viscometric flow and pure shear have been 
considered; Astarita (2) has concise1 considered a more 

of viscometric flow and pure shear. 

In this paper, the general problem of stead two-dimen- 
sional flow is analyzed in 2onsiderable detai?A complete 
description of the deformation history and of the stress 
history, in the sense of Oldroyd (11), of a material ele- 
ment is given explicitly. The two histories change continu- 
ously, at constant total stear rate, when the relative im- 
portance of the two independent components of the shear 
rate changes. Thus, if experiments are made for a real 
fluid, information can be obtained over a variety of differ- 
ent rheological histories. i L s  suggested by Oldroyd (12), 
a sort of bookkeeping of such information may be the 
basis on which more gent:ral forms of the constitutive 
equation may be inferred. 

BASIC K I N E M A T I C S  

The most general possible steady, two-dimensional flow 
pattern of an incompressible fluid can be described, in a 
locally Cartesian frame z‘i, by the following equations for 
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